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1. Introduction
Let X be a real normed linear space, and K a nonempty closed convex subset in X . A self-mapping T : K → K is called
asymptotically nonexpansive if there exists a sequence {rn} ⊂ [0,∞), with limn→∞ rn = 0 such that
‖T nx− T ny‖ ≤ (1+ rn)‖x− y‖
for all x, y ∈ K and n ≥ 1. Moreover, it is uniformly (L, α)-Lipschitzian (see [1]) if there exists a constant L > 0 such that
‖T nx− T ny‖ ≤ L‖x− y‖α
for ∀x, y ∈ K , α > 0 and each n ≥ 1. Denote by F(T ) = {x ∈ K : Tx = x}, the set of fixed points of T . If F(T ) 6= ∅, then T is
called asymptotically quasi-nonexpansive if for a sequence {rn} ⊂ [0,∞), with limn→∞ rn = 0 such that
‖T nx− p‖ ≤ (1+ rn)‖x− p‖
for all x ∈ K , p ∈ F(T ) and n ≥ 1. It is easy to see that if T is an asymptotically nonexpansive mapping and F(T ) 6= ∅, then it
must be uniformly (L, 1)-Lipschitzian (let L = sup{1 + rn : n ≥ 1}) as well as asymptotically quasi-nonexpansive, but the
converse does not hold.
I This paper was supported by National Natural Science Foundations of China (No.10671145).∗ Corresponding author.
E-mail address:wangchaoxj20002000@yahoo.com.cn (C. Wang).
0377-0427/$ – see front matter© 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2009.11.039
C. Wang et al. / Journal of Computational and Applied Mathematics 233 (2010) 2948–2955 2949
Fixed point iterative schemes for asymptotically nonexpansive mappings in Hilbert spaces and Banach spaces including
Mann and Ishikawa iterative schemes have been studied extensively by various authors; see for example [2–5]. As an
important generalization of Mann and Ishikawa iterative schemes, Liu [6] first introduced an iterative scheme with error
terms. Xu [7] improved the iterative scheme by givingmore satisfactory error terms. Later on, many author studied iterative
schemes with errors for asymptotically nonexpansive mappings; see for example [1,8–11].
Recently, Chidume, Ofoedu and Zegeye [12] introduced the concept of asymptotically nonexpansive nonself-
mappings, which is the generalization of asymptotically nonexpansive mappings. Similarly, the concept of uniformly
(L, α)-Lipschitzian nonself-mappings and asymptotically quasi-nonexpansive nonself-mappings can also be defined as
the generalization of uniformly (L, α)-Lipschitzian mappings and asymptotically quasi-nonexpansive mappings. These
mappings are defined as follows:
Definition 1.1. Let K be a nonempty closed convex subset of real normed linear space X , P : X → K the nonexpansive
retraction of X onto K , and let T : K → X be a nonself-mapping.
(i) T is said to be an asymptotically nonexpansive nonself-mapping, if there exists a sequence {rn} ⊂ [0,∞), with
limn→∞ rn = 0 such that
‖T (PT )n−1x− T (PT )n−1y‖ ≤ (1+ rn)‖x− y‖
for all x, y ∈ K and n ≥ 1;
(ii) T is said to be a uniformly (L, α)-Lipschitzian nonself-mapping, if there exists a constant L > 0 such that
‖T (PT )n−1x− T (PT )n−1y‖ ≤ L‖x− y‖α
for all x, y ∈ K , α > 0 and n ≥ 1;
(iii) T is said to be an asymptotically quasi-nonexpansive nonself-mapping, if F(T ) 6= ∅ and there exists a sequence
{rn} ⊂ [0,∞), with limn→∞ rn = 0 such that
‖T (PT )n−1x− p‖ ≤ (1+ rn)‖x− p‖
for all x ∈ K , p ∈ F(T ) and n ≥ 1.
Remark 1.1. (i) It is clear from the above definitions that an asymptotically nonexpansive nonself-mapping must be
nonself uniformly (L, 1)-Lipschitzian as well as nonself asymptotically quasi-nonexpansive (if F(T ) 6= ∅).
(ii) Uniformly (L, 1)-Lipschitzian mappings (nonself-mappings) are usually called uniformly L-Lipschitzian mappings
(nonself-mappings).
By studying the following iterative scheme (Mann iterative scheme):
x1 ∈ K , xn+1 = P((1− αn)xn + αnT (PT )n−1xn), n ≥ 1, (1.1)
where {αn} ⊂ [0, 1], Chidume, Ofoedu and Zegeye [12] obtained several convergence theorems for asymptotically
nonexpansive nonself-mapping T in Banach spaces. Later on,Wang [13] generalized the iterative scheme (1.1) into Ishikawa
iterative scheme for two asymptotically nonexpansive nonself-mappings. Very recently, Thianwan [14] considered a new
class of iterative schemes (called projection type Ishikawa iteration) as follows:
x1 ∈ K ,
xn+1 = P((1− αn)yn + αnT1(PT1)n−1yn),
yn = P((1− βn)xn + βnT2(PT2)n−1xn),
∀n ≥ 1, (1.2)
where T1, T2 : K → E are asymptotically nonexpansive nonself-mappings and {αn}, {βn} ⊂ [0, 1]. And he also obtained
several convergence theorems of the iterative scheme (1.2) under proper conditions.
Inspired and motivated by the above facts, a new class of two-step iterative schemes with errors, for two asymptotically
quasi-nonexpansive nonself-mappings, is introduced and studied in this paper. This scheme can be viewed as an extension
for (1.1) and (1.2). This scheme defined as follows:
Let K be a nonempty convex subset of real normed linear space X , P : X → K the nonexpansive retraction of X onto K ,
and let T1, T2 : K → X be two asymptotically quasi-nonexpansive nonself-mappings. Compute the sequence {xn} by
x1 ∈ K ,
xn+1 = P(αnyn + βnT1(PT1)n−1yn + γnun),
yn = P(α′nxn + β ′nT2(PT2)n−1xn + γ ′nvn),
∀n ≥ 1, (1.3)
where {αn}, {α′n}, {βn}, {β ′n}, {γn} and {γ ′n} are real sequences in [0, 1] with αn + βn + γn = α′n + β ′n + γ ′n = 1 and {un}, {vn}
are bounded sequences in K .
Remark 1.2. (i) If T1 = T2 := T are asymptotically nonexpansive nonself-mappings and γn = γ ′n = 0, then scheme (1.3)
reduces to the Mann iterative scheme (1.1).
(ii) If T1, T2 are asymptotically nonexpansive nonself-mappings and γn = γ ′n = 0, then scheme (1.3) reduces to the
projection type Ishikawa iteration (1.2).
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The main purpose of this paper is to prove the iterative scheme (1.3) to converge to a common fixed point of two
asymptotically quasi-nonexpansive nonself-mappings in real Banach spaces and real uniformly convex Banach spaces. As
one will see. The results presented in this paper improve and extend the corresponding results of [14] as follows:
(i) We not only consider convergence theorems of the iterative schemewith errors (1.3) in real uniformly convex Banach
spaces, but also give convergence theorems of the iterative scheme with errors (1.3) in real Banach spaces. (In [14], the
authors only gave convergence theorems of the iterative scheme (1.2) in real uniformly convex Banach spaces.);
(ii) In real uniformly convex Banach spaces, our results extend the corresponding results of [14] from asymptotically
nonexpansive nonself-mappings to asymptotically quasi-nonexpansive nonself-mappings, and from the projection type
Ishikawa iteration (1.2) to the iterative scheme with errors (1.3).
2. Preliminaries
In this section, we recall some well-known definitions and results.
Let X be a real Banach space with dimension X ≥ 2, it is uniformly convex if and only if the modulus of convexity of X:
δX (ε) = inf
{
1− ‖x+ y‖
2
: ‖x‖ = ‖y‖ = 1, ‖x− y‖ = ε
}
> 0
for all 0 < ε ≤ 2.
A subset K of X is said to be a retract of X if there exists a continuous mapping P : X → K such that Px = x for all
x ∈ K , and every closed convex subset of a uniformly convex Banach space is a retract. A mapping P : X → X is said to be a
retraction if P2 = P . If any given mapping P is a retraction, then Px = x for all x ∈ R(P), where R(P) is the range of P .
A mapping T : K → X with F(T ) 6= ∅ is said to satisfy condition (A) (see [15]) if there exists a nondecreasing function
f : [0,∞)→ [0,∞)with f (0) = 0, f (r) > 0 for all r ∈ (0,∞) such that
‖x− Tx‖ ≥ f (d(x, F(T )))
for all x ∈ K where d(x, F(T )) = inf{‖x− x∗‖ : x∗ ∈ F(T )}. Two mappings T1, T2 : K → X are said to satisfy condition (B) if
there exists a nondecreasing function f : [0,∞)→ [0,∞)with f (0) = 0, f (r) > 0 for all r ∈ (0,∞) such that
‖x− T1x‖ ≥ f (d(x, F)) or ‖x− T2x‖ ≥ f (d(x, F))
for all x ∈ K where F = F(T1) ∩ F(T2) 6= ∅. Note that condition (B) reduces to condition (A) when T1 = T2.
A mapping T : K → X is said to be semi-compact, if for any sequence {xn} in K such that ‖xn − Txn‖ → 0 (n → ∞),
there exists a subsequence {xnj} of {xn} such that {xnj} converges strongly to x∗ ∈ K .
Lemma 2.1 ([8]). Let {an}, {bn} and {cn} be sequences of nonnegative real numbers satisfying the inequality
an+1 ≤ (1+ bn)an + cn, ∀n ≥ 1.
If
∑∞
n=1 bn <∞ and
∑∞
n=1 cn <∞, then limn→∞ an exists.
Lemma 2.2 ([16]). Let X be a real uniformly convex Banach space and 0 ≤ k ≤ tn ≤ q < 1 for all positive integer
n ≥ 1. Suppose that {xn} and {yn} are two sequences of X such that lim supn→∞ ‖xn‖ ≤ r, lim supn→∞ ‖yn‖ ≤ r and
limn→∞ ‖tnxn + (1− tn)yn‖ = r hold for some r ≥ 0, then limn→∞ ‖xn − yn‖ = 0.
3. Convergence theorems in real Banach spaces
In this section, we will prove the strong convergence of the iteration scheme (1.3) to a common fixed point of
asymptotically quasi-nonexpansive nonself-mappings T1 and T2 in real Banach spaces. We first prove the following lemma:
Lemma 3.1. Let X be a real normed linear space, and K a nonempty closed convex subset in X. Let T1, T2 : K → X be
asymptotically quasi-nonexpansive nonself-mappings with sequences {r (i)n } such that ∑∞n=1 r (i)n < ∞ for all i = 1, 2. Suppose
that {xn} is defined by (1.3) with∑∞n=1 γn <∞, ∑∞n=1 γ ′n <∞. If F = F(T1) ∩ F(T2) 6= ∅, then
(i) limn→∞ ‖xn − p‖ exists, for all p ∈ F .
(ii) there exist two constants M0,M1 > 0, such that
‖xn+m − p‖ ≤ M0‖xn − p‖ +M0M1
n+m−1∑
i=n
(ri + γi + γ ′i )
for all n,m ≥ 1, p ∈ F .
Proof. (i) Let p ∈ F . Since {un}, {vn} are bounded sequences in K , there existsM0 > 0 such that
M0 = max
{
sup
n≥1
‖un − p‖, sup
n≥1
‖vn − p‖
}
.
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Let rn = max{r (1)n , r (2)n }. Then∑∞n=1 rn <∞. By (1.3), we have
‖xn+1 − p‖ = ‖P(αnyn + βnT1(PT1)n−1yn + γnun)− P(p)‖
≤ ‖αnyn + βnT1(PT1)n−1yn + γnun − (αn + βn + γn)p‖
≤ αn‖yn − p‖ + βn‖T1(PT n−11 )yn − p‖ + γn‖un − p‖
≤ αn‖yn − p‖ + βn(1+ rn)‖yn − p‖ + γnM0
≤ (1+ βnrn)‖yn − p‖ + γnM0, (3.1)
and
‖yn − p‖ = ‖P(α′nxn + β ′nT1(PT1)n−1xn + γ ′nvn)− P(p)‖
≤ α′n‖xn − p‖ + β ′n‖T1(PT n−11 )xn − p‖ + γ ′n‖vn − p‖
≤ (1+ β ′nrn)‖xn − p‖ + γ ′nM0. (3.2)
Substituting (3.2) into (3.1), we obtain
‖xn+1 − p‖ ≤ (1+ βnrn)[(1+ β ′nrn)‖xn − p‖ + γ ′nM0] + γnM0
≤ (1+ rn)2‖xn − p‖ + (1+ rn)γ ′nM0 + γnM0
≤ (1+ kn)‖xn − p‖ +M0ln (3.3)
where kn = (1+ rn)2−1 and ln = rn+γn+γ ′n. Since
∑∞
n=1 rn <∞,
∑∞
n=1 γn <∞ and
∑∞
n=1 γ ′n <∞, then
∑∞
n=1 kn <∞
and
∑∞
n=1 ln <∞. It follows from Lemma 2.1 that limn→∞ ‖xn − p‖ exists.
(ii) It is well known that 1+ x ≤ ex for all x ≥ 0. Using it for the above inequality (3.3), we have
‖xn+m − p‖ ≤ (1+ kn+m−1)‖xn+m−1 − p‖ +M0ln+m−1
≤ ekn+m−1 [(1+ kn+m−2)‖xn+m−2 − p‖ +M0ln+m−2] +M0ln+m−1
≤ e(kn+m−1+kn+m−2)‖xn+m−2 − p‖ + e(kn+m−1+kn+m−2)M0(ln+m−1 + ln+m−2)
. . .
≤ M1‖xn − p‖ +M0M1
n+m−1∑
i=n
li, (3.4)
whereM1 = eΣ∞i=0ki . 
Theorem 3.1. Let X be a real Banach space, and K a nonempty closed convex subset in X. Let T1, T2 : K → X be asymptotically
quasi-nonexpansive nonself-mappingswith sequences {r (i)n } such that∑∞n=1 r (i)n <∞ for all i = 1, 2. Suppose that {xn} is defined
by (1.3) with
∑∞
n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞, and F = F(T1) ∩ F(T2) 6= ∅. Then, {xn} converges strongly to a common fixed
point of T1 and T2 if and only if lim infn→∞ d(xn, F) = 0, where d(x, F) = inf{‖x− p‖ : p ∈ F}.
Proof. The necessity of the conditions is obvious. Thus, we need only prove the sufficiency. From (3.3), we have
d(xn+1, F) ≤ (1+ kn)d(xn, F)+M0ln.
Since
∑∞
n=1 kn < ∞ and
∑∞
n=1 ln < ∞, we have limn→∞ d(xn, F) exists by Lemma 2.1. Then, by hypothesis
lim infn→∞ d(xn, F) = 0, we have limn→∞ d(xn, F) = 0.
Next we will show that {xn} is a Cauchy sequence. For all ε > 0. From limn→∞ d(xn, F) = 0 and∑∞n=1 ln <∞, it can be
known there exists a positive integer N0 > 0 such that when n ≥ N0,
d(xn, F) ≤ ε4M1 and
∞∑
i=N0
li ≤ ε4M0M1 .
In particular, there exists p1 ∈ F , and a positive integer N1 > N0, such that
‖xN1 − p1‖ ≤
ε
4M1
.
It follows from (3.4) that when n > N1,
‖xn+m − xn‖ ≤ ‖xn+m − p1‖ + ‖xn − p1‖
≤ 2M1‖xN1 − p1‖ +M0M1
(
n+m−1∑
i=N1
li +
n−1∑
i=N1
li
)
≤ 2M1 ε4M1 + 2M0M1
ε
4M0M1
= ε.
Hence {xn} is a Cauchy sequence in closed convex subset of real Banach space. Therefore, it must converge to a point of K .
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Suppose that limn→∞ xn = p, we will prove that p ∈ F . Since {r (1)n }, {r (2)n } ⊂ [0,∞) and limn→∞ r (1)n = limn→∞ r (2)n = 0,
there exists L′ > 0 such that
L′ = max
{
sup
n≥1
{r (1)n + 1}, sup
n≥1
{r (2)n + 1}
}
<∞.
For any given ε′ > 0, there exists a positive integer N2, such that for all n ≥ N2, we have
‖xn − p‖ ≤ ε
′
2(1+ L′) and d(xn, F) ≤
ε′
2(1+ 3L′) . (3.5)
In particular, there exists p2 ∈ F and a positive integer N3 > N2, such that
‖xN3 − p2‖ ≤
ε′
2(1+ 3L′) . (3.6)
From (3.5) and (3.6), we have
‖T1p− p‖ ≤ ‖T1p− p2‖ + ‖p2 − xN3‖ + ‖xN3 − p‖
≤ L′‖p− p2‖ + 2L′‖xN3 − p2‖ + ‖xN3 − p2‖ + ‖xN3 − p‖
≤ L′‖p− xN3‖ + L′‖xN3 − p2‖ + 2L′‖xN3 − p2‖ + ‖xN3 − p2‖ + ‖xN3 − p‖
≤ (1+ L′)‖xN3 − p‖ + (1+ 3L′)‖xN3 − p2‖
≤ (1+ L′) ε
′
2(1+ L′) + (1+ 3L
′)
ε′
2(1+ 3L′) = ε
′,
and similarly we also have ‖T2p − p‖ ≤ ε′. ε′ is an arbitrary positive number, thus ‖T1p − p‖ = ‖T2p − p‖ = 0, i.e., p is a
common fixed point of T1 and T2. This completes the proof of Theorem 3.1. 
Corollary 3.1. Let X be a real Banach space, and K a nonempty closed convex subset in X. Let T1, T2 : K → X be asymptotically
nonexpansive nonself-mappings with sequences {r (i)n } such that∑∞n=1 r (i)n < ∞ for all i = 1, 2. Suppose that {xn} is defined by
(1.3) with
∑∞
n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞, and F = F(T1) ∩ F(T2) 6= ∅. Then, {xn} converges strongly to a common fixed point
of T1 and T2 if and only if lim infn→∞ d(xn, F) = 0, where d(x, F) = inf{‖x− p‖ : p ∈ F}.
4. Convergence theorems in real uniformly convex Banach spaces
In this section, we will prove the strong convergence of the iteration scheme (1.3) to a common fixed point of
asymptotically quasi-nonexpansive nonself-mappings T1 and T2 in real uniformly convex Banach spaces. We first prove
the following lemma:
Lemma 4.1. Let X be a real uniformly convex Banach space, and K a nonempty closed convex subset in X. Let T1, T2 : K → X be
uniformly (L, α)-Lipschitzian, asymptotically quasi-nonexpansive nonself-mappings with sequences {r (i)n } such that∑∞n=1 r (i)n <∞ for all i = 1, 2. Suppose that {xn} is defined by (1.3) satisfying:
(i)
∑∞
n=1 γn <∞,
∑∞
n=1 γ ′n <∞;
(ii) {βn}, {β ′n} are two sequences in [ε, 1− ε] for some ε > 0.
If F = F(T1) ∩ F(T2) 6= ∅, then limn→∞ ‖xn − T1xn‖ = limn→∞ ‖xn − T2xn‖.
Proof. For any p ∈ F , by Lemma 3.1, we know that limn→∞ ‖xn − p‖ exists. Assume that limn→∞ ‖xn − p‖ = a, for some
a ≥ 0. For all n ≥ 1, let rn = max{r (1)n , r (2)n }, then∑∞n=1 rn <∞. From (3.2), we have
‖yn − p‖ ≤ (1+ β ′nrn)‖xn − p‖ + γ ′nM0
≤ (1+ rn)‖xn − p‖ + γ ′nM0.
Taking lim supn→∞ on both sides in inequality above. Since
∑∞
n=1 rn <∞ and
∑∞
n=1 γ ′n <∞, we obtain
lim sup
n→∞
‖yn − p‖ ≤ lim sup
n→∞
‖xn − p‖ = lim
n→∞ ‖xn − p‖ = a.
So that
lim sup
n→∞
‖T1(PT1)n−1yn − p‖ ≤ lim sup
n→∞
(1+ rn)‖yn − p‖ = lim sup
n→∞
‖yn − p‖ ≤ a. (4.1)
Next consider
‖T1(PT1)n−1yn − p+ γn(un − yn)‖ ≤ ‖T1(PT1)n−1yn − p‖ + γn‖un − yn‖.
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From limn→∞ γn = 0 and (4.1), we have
lim sup
n→∞
‖T1(PT1)n−1yn − p+ γn(un − yn)‖ ≤ a. (4.2)
In addition,
‖yn − p+ γn(un − yn)‖ ≤ ‖yn − p‖ + γn‖un − yn‖.
This implies that
lim sup
n→∞
‖yn − p+ γn(un − yn)‖ ≤ a. (4.3)
Further, observe that
a = lim
n→∞ ‖xn+1 − p‖ = limn→∞ ‖αnyn + βnT1(PT1)
n−1yn + γnun − p‖
= lim
n→∞ ‖βnT1(PT1)
n−1yn + (1− βn − γn)yn + γnun − (1− βn)p− βnp‖
= lim
n→∞ ‖βnT1(PT1)
n−1yn − βnp+ βnγnun − βnγnyn + (1− βn)yn
− (1− βn)p− γnyn + γnun − βnγnun + βnγnyn‖
= lim
n→∞ ‖βn[T1(PT1)
n−1yn − p+ γn(un − yn)] + (1− βn)[yn − p+ γn(un − yn)]‖. (4.4)
By Lemma 2.2, (4.2)–(4.4), we have
lim
n→∞ ‖T1(PT1)
n−1yn − yn‖ = 0. (4.5)
Next, we shall prove that limn→∞ ‖T2(PT2)n−1xn − xn‖ = 0. From (3.1), we have
a = lim inf
n→∞ ‖xn+1 − p‖ ≤ lim infn→∞ [(1+ βnrn)‖yn − p‖ + γnM0]
≤ lim inf
n→∞ ‖yn − p‖.
Thus, it follows from (4.1) and the above inequality that
lim
n→∞ ‖yn − p‖ = a. (4.6)
Next consider
‖T2(PT2)n−1xn − p+ γ ′n(vn − xn)‖ ≤ ‖T2(PT2)n−1xn − p‖ + γ ′n‖vn − xn‖
≤ (1+ rn)‖xn − p‖ + γ ′n‖vn − xn‖
and
‖xn − p+ γ ′n(vn − xn)‖ ≤ ‖xn − p‖ + γ ′n‖vn − xn‖.
Thus, we have
lim sup
n→∞
‖T2(PT2)n−1xn − p+ γ ′n(vn − xn)‖ ≤ a, (4.7)
and
lim sup
n→∞
‖xn − p+ γ ′n(vn − xn)‖ ≤ a. (4.8)
Further, observe that
a = lim
n→∞ ‖yn − p‖ = limn→∞ ‖α
′
nxn + β ′nT2(PT2)n−1xn + γ ′nvn − p‖
= lim
n→∞ ‖β
′
nT2(PT2)
n−1xn + (1− β ′n − γ ′n)xn + γ ′nvn − (1− β ′n)p− β ′np‖
= lim
n→∞ ‖β
′
n[T2(PT2)n−1xn − p+ γ ′n(vn − xn)] + (1− β ′n)[xn − p+ γ ′n(vn − xn)]‖. (4.9)
Therefore, from Lemma 2.2, (4.7)–(4.9), we obtain
lim
n→∞ ‖T2(PT2)
n−1xn − xn‖ = 0.
2954 C. Wang et al. / Journal of Computational and Applied Mathematics 233 (2010) 2948–2955
This implies that
‖yn − xn‖ ≤ ‖P(α′nxn + β ′nT2(PT2)n−1xn + γ ′nvn)− xn‖
≤ β ′n‖T2(PT2)n−1xn − xn‖ + γ ′n‖vn − xn‖ → 0 as n→∞.
Thus, we have
‖xn+1 − xn‖ = ‖P(αnyn + βnT1(PT1)n−1yn + γnun)− xn‖
≤ βn‖T1(PT1)n−1yn − yn + yn − xn‖ + αn‖yn − xn‖ + γn‖xn − un‖
≤ ‖T1(PT1)n−1yn − yn‖ + ‖yn − xn‖ + γn‖xn − un‖ → 0 as n→∞. (4.10)
Since T1 is a uniformly (L, α)-Lipschitzian nonself-mapping, we have
‖T1(PT1)n−1xn − xn‖ ≤ ‖T1(PT1)n−1xn − yn + yn − xn‖
≤ ‖T1(PT1)n−1xn − T1(PT1)n−1yn‖ + ‖T1(PT1)n−1yn − yn‖ + ‖yn − xn‖
≤ L‖xn − yn‖α + ‖T1(PT1)n−1yn − yn‖ + ‖yn − xn‖ → 0 as n→∞ (4.11)
and
‖xn − T1xn‖ ≤ ‖xn+1 − xn‖ + ‖xn+1 − T1(PT1)nxn+1‖ + ‖T1(PT1)nxn+1 − T1(PT1)nxn‖ + ‖T1(PT1)nxn − T1xn‖
≤ ‖xn+1 − xn‖ + ‖xn+1 − T1(PT1)nxn+1‖ + L‖xn+1 − xn‖α + L‖T1(PT1)n−1xn − xn‖α.
It follows from (4.10), (4.11) and the above inequality that
lim
n→∞ ‖xn − T1xn‖ = 0.
Similarly, we also have limn→∞ ‖xn − T2xn‖ = 0. This completes the proof. 
Theorem 4.1. Let X be a real uniformly convex Banach space, and K a nonempty closed convex subset in X. Let T1, T2 : K → X be
uniformly (L, α)-Lipschitzian, asymptotically quasi-nonexpansive nonself-mappings with sequences {r (i)n } such that∑∞n=1 r (i)n <∞ for all i = 1, 2 and satisfying condition (B). Suppose that {xn} is defined by (1.3) satisfying:
(i)
∑∞
n=1 γn <∞,
∑∞
n=1 γ ′n <∞;
(ii) {βn}, {β ′n} are two sequences in [ε, 1− ε] for some ε > 0.
If F = F(T1) ∩ F(T2) 6= ∅, then, {xn} converges strongly to a common fixed point of T1 and T2.
Proof. It follows from Lemma 4.1 that limn→∞ ‖xn − T1xn‖ = limn→∞ ‖xn − T2xn‖ = 0. Since T1 and T2 satisfies condition
(B), we obtain limn→∞ d(xn, F) = 0.
From Theorem 3.1, it obtain that {xn} is a Cauchy sequence in K . Assume that limn→∞ xn = p ∈ K . From limn→∞ ‖xn −
T1xn‖ = limn→∞ ‖xn − T2xn‖ = 0 and the continuity of T1 and T2, we have
‖T1p− p‖ = ‖T2p− p‖ = 0.
Thus p ∈ F . This completes the proof. 
Corollary 4.1. Let X be a real uniformly convex Banach space, and K a nonempty closed convex subset in X. Let T1, T2 : K → X
be asymptotically nonexpansive nonself-mappings with sequences {r (i)n } such that∑∞n=1 r (i)n <∞ for all i = 1, 2 and satisfying
condition (B). Suppose that {xn} is defined by (1.3) satisfying:
(i)
∑∞
n=1 γn <∞,
∑∞
n=1 γ ′n <∞;
(ii) {βn}, {β ′n} are two sequences in [ε, 1− ε] for some ε > 0.
If F = F(T1) ∩ F(T2) 6= ∅, then, {xn} converges strongly to a common fixed point of T1 and T2.
Proof. Since every asymptotically nonexpansive nonself-mapping is nonself uniformly (L, 1)-Lipschitzian as well as
nonself asymptotically quasi-nonexpansive, the result can the deduced immediately from Theorem 4.1. This completes the
proof. 
Theorem 4.2. Let X be a real uniformly convex Banach space, and K a nonempty closed convex subset in X. Let T1, T2 : K → X be
uniformly (L, α)-Lipschitzian, asymptotically quasi-nonexpansive nonself-mappings with sequences {r (i)n } such that∑∞n=1 r (i)n <∞ for all i = 1, 2. Suppose that {xn} is defined by (1.3) satisfying:
(i)
∑∞
n=1 γn <∞,
∑∞
n=1 γ ′n <∞;
(ii) {βn}, {β ′n} are two sequences in [ε, 1− ε] for some ε > 0.
If F = F(T1) ∩ F(T2) 6= ∅ and one of T1 and T2 is demicompact, then, {xn} converges strongly to a common fixed point of T1
and T2.
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Proof. Without loss of generality, assume that T1 is demicompact. Since limn→∞ ‖xn−T1xn‖ = 0, there exists a subsequence
{xnj} ⊂ {xn} such that xnj → x∗ ∈ K . Hence from Lemma 4.1 and the continuity of T1 and T2, we have
lim
nj→∞
‖xnj − T2xnj‖ = ‖x∗ − T2x∗‖ = ‖x∗ − T1x∗‖ = limnj→∞ ‖xnj − T1xnj‖ = 0.
This implies that x∗ ∈ F . By the arbitrariness of p ∈ F , from Lemma 3.1 taking p = x∗, similarly we can prove that
lim
n→∞ ‖xn − x
∗‖ = b,
where b ≥ 0 is some nonnegative number. From xnj → x∗, we know that b = 0, i.e., xn → x∗. This completes the proof. 
Corollary 4.2. Let X be a real uniformly convex Banach space, and K a nonempty closed convex subset in X. Let T1, T2 : K → X
be asymptotically nonexpansive nonself-mappings with sequences {r (i)n } such that∑∞n=1 r (i)n < ∞ for all i = 1, 2. Suppose that{xn} is defined by (1.3) satisfying:
(i)
∑∞
n=1 γn <∞,
∑∞
n=1 γ ′n <∞;
(ii) {βn}, {β ′n} are two sequences in [ε, 1− ε] for some ε > 0.
If F = F(T1) ∩ F(T2) 6= ∅ and one of T1 and T2 is demicompact, then {xn} converges strongly to a common fixed point of T1
and T2.
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